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We are going to discuss:g g

1) Two types of gravitomagnetic field) yp g g
2) Parameterization of gravitomagnetic effects
3) Gravitational time delay by a moving mass3) Gravitational time delay by a moving mass 
4) Lorentz‐covariance of the gravitational time 

delay delay
5) Speed‐of‐gravity experiment (2002)
6) Interpretations of the speed‐of‐gravity6) Interpretations of the speed of gravity 

experiment
7) VLBA experiment with Saturn (2009)7) VLBA experiment with Saturn (2009)
8) Gravitomagnetism in Cassini experiment 
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Gravitomagnetism

GRAVITOMAGNETIC FIELD arises from 
mo ing masses j st as a magnetic fieldmoving masses just as a magnetic field 
arises from moving electric charges.

g hαβ αβ αβη= + The metric tensor

The gravitoelectric potential
The leading term is U=GM/r.00

2

hc
≡Φ The leading term is U GM/r.

Th it ti t ti l

002
h

2 The gravitomagnetic potential
The leading term is  (v/c)U.ii hcA 0

2

4
−≡
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Two types of gravitomagneticTwo types of gravitomagnetic
fieldfield 

( )( h ) Extrinsic (Lorentz‐Einstein):Intrinsic (Lense‐Thirring):

t ti t f translational currents of
matter induced by motion

rotating currents of 
matter induced by 
angular momentum of the massive body in

space with respect to
b th b d

angular momentum 
of the massive body

observer or another body
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Lense‐Thirring force on a test particle 

LAGEOS, LARES  ‐ spin‐orbit  LT force in motion of point‐like test particles

( )intrinsic intrinsic
gm noise gm3

4       where       GMd
dt r c

⊕
⊕= − + + = × ×

v r F F F v A
1 3

∇

2
post-Newtonian force
of the order of 1/c

1442443

GP‐B  ‐ spin‐spin LT interaction in motion of spinning test particles (gyroscopes)

( )intrinsic intrinsic
gm noise gm

4       where      d
dt c ⊕= + = × ×
s T T T s A

1442443
∇

2
post-Newtonian torque
of the order of 1/c
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Extrinsic gravitomagnetic force on a test 
particleparticle 

( )
2

extrinsic
gm noise2 2

41        d
dt c c

⎛ ⎞
= + Φ − ⋅ Φ + +⎜ ⎟
⎝ ⎠

v v v v F F∇ ∇

( )extrinsic
gm

4
c

= × ×F v A∇

2 2

2 2 2

these term s van ish  in  the field  o f a  ro

4 1 1            3 4
2c t c t c c cc c t

χ
⎡ ⎤⎛ ⎞∂ ∂Φ ∂⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ − − − ⋅ ⋅ −⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠⎣ ⎦

A v v v vA∇ ∇

tating  m ass being  at rest
144444444444424444444444443

M assive body m ust m ove w rt observer to  generate the ex trinsic G M . H ow  to  m easure it?  
U S E   P H O T O N S  !    For pho tons   that am plifies the P N  termc=v k s depending  on  v/c =  O (1)

( ) extrinsic
gm noise

"N ew tonian" force

2 4  dc
dt

= Φ − ⋅ Φ + +
k k k F F

144424443
∇ ∇

( ) ( )( )

N ew tonian  force

extrinsic
gm 2

2 4 14 4
2c t c t c

∂Φ ∂⎡ ⎤= × × − − ⋅ ⋅ + −⎢ ⎥∂ ∂⎣ ⎦
AF k A k k k A∇ ∇

2

2t
χ∂

∂
∇
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c

c t c t c∂ ∂⎣ ⎦1444444442444444443
2 2post-N ew tonian  force o f the o rder o f V / c
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Post Newtonian

Post‐Newtonian Parameterization of Gravitomagnetism   

Post‐Newtonian 
parameter ε labels time‐
dependent gravitational 
effects and characterizeseffects and characterizes 
the speed of the respond 
of  gravitational field to 
th iti l h f

Gravity Fields

the positional changes of 
the massive body. It can 
be conveniently replaced 
ith “ d f it ”Gauge condition with a “speed of gravity” 

parameter  / εgc c=
Gauge condition

Hence, 
Einstein’s Field Equations

ε
g

c
c

=
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Lorentz Transform and Gravitomagnetism
vββ β
cε ε= vβεβ εβ

When massive body is at rest the gravitomagnetic potentials and fields are given by:

When the massive body is moving the gravitomagnetic potentials and fields are: 

Moreover,    0  and 0 
t t

∂Φ ∂
≠ ≠

∂ ∂
A
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Gravitational Time Delay

1st LARES workshop                                        
ASI La Sapienza, Università di Roma

3‐4 July 2009 9



Parameterized Time Delay Equation

1 0 1 0 1 0 0 0
1 | | ( , )                                   ( ) ( )Nt t t t t c t t
c

− = − +Δ = + −x x x x k

( )1 ( , )1 t t hαββ β σ⎧ ⎫∂⎡ ⎤⎪ ⎪
∫ ∫

x
( )1

0 0
1 0

( )

( , )1( , ) ( , ( )) 1
2

N

t t

Nt t
t t dt k k h t t d k k αβα β α β

αβ
σ

ε σ
σ

=

⎡ ⎤⎪ ⎪Δ = + −⎨ ⎬⎢ ⎥∂⎣ ⎦⎪ ⎪⎩ ⎭
∫ ∫

x x

x

References for further particular details and experimental applications:

Kopeikin S. (2004)  Class.  Quant. Grav., 21, 3251 
Kopeikin S. (2006)  Int. J. Mod. Phys. D, 15, 305 
Kopeikin S. & Fomalont E. (2006) Found. Phys., No. 1, pp. 1 ‐ 42

iki S & i (2006) 3 9 h S iKopeikin S &  Ni W.‐T. (2006) In: Proc. 359th WE‐Heraeus Seminar
Kopeikin & Makarov (2007) Phys. Rev. D, 75, 062002
Fomalont et al (2009)  in: Proc. IAU Symp 261
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Gravitational Time Delay 
by a moving bodyby a moving body

00 0

22 4                        ij
ij i

GMGM GMh h h
δ ⎛ ⎞

= = = ⎜ ⎟⎜ ⎟
v

00 0| ( ) | | ( ) | | ( ) |

photon: ( ) ( ) massive body: ( ) ( )

ij i
gt t t c

t c t t t t t

⎜ ⎟⎜ ⎟− − − ⎝ ⎠

+ +

x z x z x z

x x x k z z va 0 0 0 0photon:   ( ) ( )                massive body:   ( ) ( )

| ( )1

N t c t t t t t

sGM

= + − = + −

⎛ ⎞ −

x x x k z z v

x z

a

( )| ( )s⎡ ⎤− ⋅ −k x z1 1
1 0 3

| ( )1( , ) 2 1 ln
g

sGMt t
c c

⎛ ⎞
Δ = − ⋅⎜ ⎟⎜ ⎟

⎝ ⎠

x z
k v

( )
( )

1 1

0 0 0 0

| ( )
| ( ) | ( )

s
s s

⎡ ⎤
⎢ ⎥

− − ⋅ −⎢ ⎥⎣ ⎦

k x z
x z k x z

2 2

1 1 1 1 0 0 0 02 2( ) ( ) | ( ) |             ( ) ( ) | ( ) |
g g g g

v vs t t O s t t O
c c c c

⎛ ⎞ ⎛ ⎞
= − − + = − − +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

v vz z x z z z x z

1 1 1 1
1 | ( ) |                                                

g g g g

s t t

⎝ ⎠ ⎝ ⎠

= − −x z 0 0 0 0
1   | ( ) |s t t= − −x z

Look like a retarded  time
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Lienard‐Wichert gravitational potentials

2 21 16 1

g h

G M

αβ αβ αβη= +

⎛ ⎞∂ ⎛ ⎞ [ ]
2 2

2
2 2 4

1 16 1     where ( ) ( ) ( )
2

G Mch T T T u t u t t
c t c

αβ αβ αβ αβ α βπ η δ
γ

⎛ ⎞∂ ⎛ ⎞− + = − − = −⎜ ⎟ ⎜ ⎟∂ ⎝ ⎠⎝ ⎠
x z∇

Lienard-Wiechert retarded (gravitational) potentials

2 2GM u uα β αβη+
2

2 2    where ( , ) is a null vectoGM u uh r r
c u r

μ
αβ μ

μ

η+
= = r r in Minkowski space-time connecting

                                            the moving massive body to the field point,

| |  ;        ( ) ;       = 1,                      all functir s u
c

α γ ⎛ ⎞= = − ⎜ ⎟
⎝ ⎠

vr r x z ons depend on the retarded time s 

1 | ( ) |  due to the Lorentz-invariant nature of gravity field (a finite speed of gravity) s t s
c

= − −x z
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Lorentz‐invariant gravitational time delay
Substitute the Lienard-Wiechert retarded (gravitational) potentials to the lightSubstitute the Lienard-Wiechert retarded (gravitational) potentials to the light
geodesic equation and integrate along the light ray. It yields the Lorentz-covariant 
gravitational time delay equation (Kopeikin et al 1999, 2002)

( )
11 | ( ) | ( )s sGM − ⋅ ⎡ ⎤− − ⋅ −k v x z k x z( )

( )
1 1 1 1

1 0 3 2
0 0 0 0

2

| ( ) | ( )
( , ) 2 ln   ,

| ( ) | ( )
1

s sGM ct t
s sc

c

⎡ ⎤− − ⋅ −
Δ = ⎢ ⎥− − ⋅ −⎣ ⎦−

x z k x z
x z k x zv

where  is the light vector the retarded time argumentsk

1 1 1 1

 
1 | ( ) |                   s t s
c

= − −x z 0 0 0 0
1                                 | ( ) |   s t s
c

= − −x z
c

 
tracks down the null-cone (gravitomagnetic) effects of gravity.

c

13

Compare with the previous solution of the linearized order of v/c beyond the static time delay 
approximation. Make physical interpretation 



Bi‐characteristic interaction of gravity and light in 
general relativity

time t

retarded timeretarded time 
s=t‐r/c

A f i i l fi ld b h i i l f li E h l l l iAny type of gravitational field obeys the principle of causality. Even the slowly evolving 
"Coulomb component" of the gravitational field of a moving body can not transfer 
information about position of the body with the speed faster than the speed of light. 
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Light and gravity null cones

Observer
Star’s world line Future gravity null cone

Future gravity null cone

Physical interaction 
of a photon with
gravitational field of

Future gravity null cone

a moving body is not 
instantaneous. 
Gravity competes 
with light in the

Future gravity null cone

with light in the 
race: who will reach 
observer first. None 
wins! 

Future gravity null cone

But how to watch 
and  to enjoy the 
race?

Observer’s 
ld liPl t’ ld li

race?

world linePlanet’s world line
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The speedThe speed‐‐ofof‐‐gravity gravity experiment (2002)experiment (2002)

Edward B FomalontEdward B. Fomalont
(observation + data processing)

Sergei M. Kopeiking p
(theory + interpretation)

(with support of  NRAO, MPIfR 
and the NRAO correlator staff)and the NRAO correlator staff)



The speed‐of‐gravity VLBI experiment (September 2002) 
Fomalont & Kopeikin, ApJ., 598, 704 (2003) Jupiter‐ J0842+1835

Instantaneous position of  Jupiter taken from
JPL ephemerides (radio/optics)

non‐deflected position of the quasar 

Position of Jupiter as
determined from the
gravitational deflection
of light from the quasar

1

2

3

5
4

of light from the quasar

Measured with 20% of accuracy, thus, proving that 
the fundamental speed of gravity equals the speed 
of light (the null cones for gravity and light are 
d l)

10 microarcseconds = the width of a typical strand 
of a human hair from a distance of 650 miles!!!

identical)
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Basic InterferometryBasic Interferometry

(in one minute)
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Li i i P i i l ALimitations to Positional Accuracy
• Location of Radio Telescope

P iti th (1 cm)Position on earth  (1 cm)
Earth Rotation and orientation (5 cm)

• Time synchronization (50 psec)
• Array stability (5 cm)
• Propagation in troposphere and ionosphere

Very variable in time and space (5 cm in 10 min)Very variable in time and space  (5 cm in 10 min)

CONVERSION FACTORS for astrometry:
1 cm = 30 psec = 300 microarcsec
0.03cm = 1 psec = 10 microarcsec

Phase‐referencing VLBI technique can  achieve 10 microarcsec!

19



Interpreting the Jovian experiment
Kopeikin & Fomalont - null characteristic of Einstein’s field equations, 

speed of gravity = speed of light  [ε = 1 ]
gravitomagnetic field of moving Jupiter (time derivatives of the metric tensor)
aberration of the gravity force
causal behavior of gravity

2[ it's (v/c)  for slowly-moving particles but becomes v/c for photons! ]

1. Will – aberration of light (radio waves) from the quasar

2 A d C li d f li ht ( di ) f th2. Asada, Carlip – speed of light (radio waves) from the quasar 

3. Nordtvedt – retardation of radio waves from the quasar as they pass through the Jovian magnetosphere 

4. Pascual-Sanchez – the Römer delay of light that has been already known since 1676

5. Samuel – retardation of radio waves emitted by Jupiter itself 

6. Van Flandern – the quantity measured was already known to propagate at the speed of light

7. Van Nieuwenhuizen – "compete nonsense" 
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Light Deflection Experiment with Saturn 
(F b 2009)(February 2009)
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R.M.S. residuals of the light deflection experiment with Saturn
(Fomalont, Kopeikin et al, Proc. IAU Symp. 261, 2009) 
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Gravitomagnetic Field in Cassini Experiment
(Kopeikin et al., Phys. Lett. A, 2007)

Gravitomagnetic
Doppler shift
due to the orbital
motion of the Sunmotion of the Sun

Bertotti‐Iess‐Tortora, Nature, 2004

However, the gravitomagnetic
b l d

51 (2.1 2.3) 10γ −− = ± ×
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Gravitational time delay in the ODP codeGravitational time delay in the ODP code
The linearized w.r.t. v/c time delay equation can be

f l d f ll ( Xi 0809 3433)K ikire-formulated as follows (   arXiv:0809.3433)Kopeikin

⎡ ⎤⎛ ⎞ 1 2 12
Cassini-Earth 3

1 2 12

12 1 ln
R R RGM

c R R Rc
⎡ ⎤+ +⎛ ⎞Δ = − ⋅ ⎢ ⎥⎜ ⎟ + −⎝ ⎠ ⎣ ⎦

k v

1 1 1 2 2 2( )          ( )     t t= − = −R x z R x z 12 1 2       =| |    R −R R

1 0 1 0 2 0 2 0( ) v( )                     ( ) ( )t t t t t t= + − = + −z z z z v

Notice that velocity  of the light-ray deflecting body
t th t f th l ith i th ti d l

v
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Numerical Estimates for Cassini Doppler Shift

• The peak value of the Doppler shift is caused by• The peak value of the Doppler shift is caused by 
orbital motion of Earth and reaches             . 

• R M S error of the measurements is

10106 −×
14101 −±• R.M.S. error of the measurements is             

• Doppler shift due to the orbital motion of Sun is 
( )

14101 −×±
13109.2 −×

• The value of (γ‐1) would be affected by the solar 
motion by the amount                 if the 
gravitomagnetic deflection of light were not in

4102.1 −×±
gravitomagnetic deflection of light were not in 
accordance with GR

1. Cassini solar conjunction experiment has a potential to detect the 
it ti fi ld f th i S di tl !

Conclusions

gravitomagnetic field of the moving Sun directly!
2. It requires re‐processing of the data 
3. The announced value for                                  is based on implicit

assumption that the gravitomagnetic deflection of light agrees with GR,
51 (2.1 2.3) 10γ −− = ± ×

assumption that the gravitomagnetic deflection of light agrees with GR, 
but this assumption has not yet been tested. 

1st LARES workshop                                        
ASI La Sapienza, Università di Roma

3‐4 July 2009 25



!!

3‐4 July 2009
1st LARES workshop                                        

ASI La Sapienza, Università di Roma
26



Does LLR measure a gravitomagnetic field?Does LLR measure a gravitomagnetic field?

Murphy Nordtvedt Turyshev PRL (2007):Murphy, Nordtvedt, Turyshev, PRL (2007): 

• YES – the EIH equations for the Moon show explicitly the “gravitomagnetic” term. It leads 
to the coordinate oscillations of the lunar orbit amounting to a few meters in analytic 
sol tion of these eq ations The “gra itomagnetic” oscillations are not isible in LLR datasolution of these equations. The “gravitomagnetic” oscillations are not visible in LLR data 
residuals. However, if the “gravitomagnetic” term is removed from the EIH equations, the 
numerical solution of the equations can not fit to the data. This discrepancy means that  
LLR measures the “gravitomagnetic” term. 

Hans Christian Anderson  The Emperor's New Clothes

Kopeikin, PRL (2007)

• NO ‐ the LLR technique involves processing data with two sets of mathematical 
equations, one related to the motion of  Moon around Earth, and the other related to 
the propagation of the laser beam from Earth to Moon. These equations can be written 
i diff t b d " f d “ th id th t bit di t bin different ways based on "gauge freedom“, the idea that arbitrary coordinates can be 
used to describe gravitational physics. Scrutiny analysis of the  gauge freedom of the LLR 
technique shows that the computer manipulation of the mathematical equations is 
causing NASA scientists to derive results that are not apparent in the data itself.

3‐4 July 2009 27
1st LARES workshop                                        

ASI La Sapienza, Università di Roma


